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Abstract. Sliding Mode Control (SMC) used to control the stability of a quadcopter from 
disturbances and uncertainties. This technique has two main advantages: the nonlinear dynamics 
and modelling errors of the quadcopter can be eliminated by switching function and the 
uncertainty problem can be overcome with a closed-loop response. The controller of the sliding 
mode technique consists of two components. The first is design equivalent control law to 
maintain the system state trajectory on the sliding surface. The second is design switching control 
law to reach the sliding surface. The Lyapunov theorem is used to ensure the stability of the 
system. Simulation results verify the robustness of the controller. 
I. Introduction 
 
Quadcopter has been applied in many fields such as business [1], agriculture [2], surveillance, 
and security [4]. Nowadays many methods have been developed to control quadcopter 
including linear and non-linear controls. Some previous studies were simulation’s research of 
quadcopter controller using PD [5], PID [6] [7] [8] and sliding mode control (SMC) [9]. The 
PD controller can be reduced the uncertainties of a quadcopter by manually select filter 
parameters and the results show that the output can follow the reference but there is a steady 
state error when added disturbance [5]. The PID controller can follow the desired path but level 
of precision in moving need to be improved [6] [7] [8]. The simulation results of illustrate that 
proposed SMC controller provides significant reduction of disturbances influence on 
Quadcopter tracking performances but the gain of switching control could cause high chattering 
phenomenon if added external disturbance [9]. Based on some literature the SMC control has a 
robust response, although there is weakness such as high chattering. This weakness can be 
overcome by adjusting the gain value in the switching control.  
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SMC with automatic tuning of gain value on switching control will be investigated on 
Quadcopter flying. This technique can reduce the effect of the uncertainties and disturbances 
then minimize the chattering.  
 
 
 
 
 
II.  Dynamics of a Quadcopter 
 
The mathematical model of the quadcopter uses 12 states, namely x, y, z as position of 
quadcopter, ẋ, ẏ, ż as velocity of x, y, z, then ϕ, θ, ψ as roll, pitch, yaw angle, and ϕ̇, θ̇, ψ̇ as 
angular velocity.  The dynamic of system will be represent in state space model.  
 
 
 
 
Fig. 1. Model of quadcopter 
 
The Quadopter model is obtained from the Newton-Euler equation. In the first stage, use 
Newton second law to get the equation of translational motion [10]. 
𝑭 + 𝒅𝑭 = 𝒎?̇? + 𝝎 × 𝒎𝒗,                                                             (1) 
𝑭𝒈 − 𝑭𝒕𝒉𝒓𝒖𝒔𝒕 + 𝒅𝑭 = 𝒎?̇? + 𝝎 × 𝒎𝒗,                                        (2) 
where 𝑭𝒈 is gravity, 𝑭𝒕𝒉𝒓𝒖𝒔𝒕 are rotation matrix of vertical thrust [0 0 𝑼𝟏]
𝑇, 𝒅𝑭 = [𝒅𝒙𝒅𝒚 𝒅𝒛]
𝑇 
are external disturbances, m is mass of quadcopter, 𝒗 = [ẋ  ẏ  ż]𝑻  are velocity, 𝝎 = [?̇?  ?̇?  ?̇?]𝑻 
are angular velocity. 
[
𝟎
𝟎
𝒎𝒈
] − (𝑹𝒛(𝝍) ∙ 𝑹𝒚(𝜽) ∙ 𝑹𝒙(𝝓)) [
𝟎
𝟎
𝑼𝟏
] + [
𝒅𝒙
𝒅𝒚
𝒅𝒛
] = 𝒎 [[
?̈?
?̈?
?̈?
] + [
?̇?
?̇?
?̇?
] × [
?̇?
?̇?
?̇?
]].   (3) 
The rotation matrix of roll, pitch, and yaw denoted as : 
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𝑹𝒛(𝝍) ∙ 𝑹𝒚(𝜽) ∙ 𝑹𝒙(𝝓) = [
𝒄𝝍 𝒔𝝍 𝟎
−𝒔𝝍 𝒄𝝍 𝟎
𝟎 𝟎 𝟏
] [
𝒄𝜽 𝟎 𝒔𝜽
𝟎 𝟏 𝟎
−𝒔𝜽 𝟎 𝒄𝜽
] [
𝟏 𝟎 𝟎
𝟎 𝒄𝝓 𝒔𝝓
𝟎 −𝒔𝝓 𝒄𝝓
] 
 
                                 = [
𝒄𝜽𝒄𝝍 𝒔𝝓𝒔𝜽𝒄𝝍 − 𝒄𝝓𝒔𝝍 𝒔𝝓𝒔𝝍 + 𝒄𝝓𝒔𝜽𝒄𝝍
𝒄𝜽𝒔𝝍 𝒔𝝓𝒔𝜽𝒔𝝍 + 𝒄𝝓𝒄𝝍 −𝒔𝝓𝒄𝝍 + 𝒄𝝓𝒔𝜽𝒔𝝍
−𝒔𝜽 𝒔𝝓𝒄𝜽 𝒄𝝓𝒄𝜽
].          (4) 
 
Substituting equation 4 into equation 3   
[
?̈?
?̈?
?̈?
] =
𝟏
𝒎
[[
𝟎
𝟎
𝒎𝒈
] − [
𝒄𝜽𝒄𝝍 𝒔𝝓𝒔𝜽𝒄𝝍 − 𝒄𝝓𝒔𝝍 𝒔𝝓𝒔𝝍 + 𝒄𝝓𝒔𝜽𝒄𝝍
𝒄𝜽𝒔𝝍 𝒔𝝓𝒔𝜽𝒔𝝍 + 𝒄𝝓𝒄𝝍 −𝒔𝝓𝒄𝝍 + 𝒄𝝓𝒔𝜽𝒔𝝍
−𝒔𝜽 𝒔𝝓𝒄𝜽 𝒄𝝓𝒄𝜽
] [
𝟎
𝟎
𝑼𝟏
] + [
𝒅𝒙
𝒅𝒚
𝒅𝒛
]] − [
?̇?
?̇?
?̇?
] × [
?̇?
?̇?
?̇?
]. 
[5] 
Assume that 𝒗 = [ẋ  ẏ  ż]𝑻 and 𝝎 = [?̇?  ?̇?  ?̇?]𝑻 are equal with 0, we can find ?̇? 
?̈? = −
𝟏
𝒎
(𝒔𝝓𝒔𝝍 + 𝒄𝝓𝒔𝜽𝒄𝝍)𝑼𝟏 +
𝟏
𝒎
𝒅𝒙 ,                      (6) 
?̈? = −
𝟏
𝒎
(−𝒔𝝓𝒄𝝍 + 𝒄𝝓𝒔𝜽𝒔𝝍)𝑼𝟏 +
𝟏
𝒎
𝒅𝒚 ,                   (7) 
?̈? = 𝒈 −
𝟏
𝒎
(𝒄𝝓𝒄𝜽)𝑼𝟏 +
𝟏
𝒎
𝒅𝒛 .                    (8) 
Rotational Euler equation can be written as : 
𝑴𝒃 = 𝝎 × (𝑰 ∙ 𝝎) + 𝑰 ∙ ?̇? = [
𝑼𝟐
𝑼𝟑
𝑼𝟒
] ,                      (9) 
where [𝑼𝟐 𝑼𝟑𝑼𝟒]
𝑇 are the control torques of roll, pitch, and yaw,  
 
[
𝑼𝟐
𝑼𝟑
𝑼𝟒
] = [
?̇?
?̇?
?̇?
] × [
𝑰𝒙𝒙?̇?
𝑰𝒚𝒚?̇?
𝑰𝒛𝒛?̇?
] + [
𝑰𝒙𝒙?̈?
𝑰𝒚𝒚?̈?
𝑰𝒛𝒛?̈?
] .                                 (10) 
Based on equation 10, we can get : 
  𝑼𝟐 = (𝑰𝒛𝒛 − 𝑰𝒚𝒚)?̇??̇? + 𝑰𝒙𝒙?̈? ,                               (11) 
  𝑼𝟑 = (𝑰𝒙𝒙 − 𝑰𝒛𝒛)?̇??̇? + 𝑰𝒚𝒚?̈? ,                               (12) 
  𝑼𝟒 = (𝑰𝒚𝒚 − 𝑰𝒙𝒙)?̇??̇? + 𝑰𝒛𝒛?̈? .                                   (13) 
Finally, the derivatives of the angular velocity can be written as : 
 
  ?̈? =
𝑼𝟐+(𝑰𝒚𝒚−𝑰𝒛𝒛)?̇??̇?
𝑰𝒙𝒙
 ,                                (14) 
  ?̈? =
𝑼𝟑+(𝑰𝒛𝒛−𝑰𝒙𝒙)?̇??̇?
𝑰𝒚𝒚
 ,                                (15) 
  ?̈? =
𝑼𝟒+(𝑰𝒙𝒙−𝑰𝒚𝒚)?̇??̇?
𝑰𝒛𝒛
 .                                (16) 
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The state space of the quadcopter has the following form 
𝑿 = [ 𝒙𝟏 𝒙𝟐 𝒙𝟑 𝒙𝟒 𝒙𝟓 𝒙𝟔 𝒙𝟕 𝒙𝟖 𝒙𝟗 𝒙𝟏𝟎 𝒙𝟏𝟏 𝒙𝟏𝟐]
𝑻,              (17) 
                             𝑿 = [ 𝒙 𝒚 𝒛 ?̇? ?̇? ?̇? 𝝓 𝜽 𝝍 ?̇? ?̇? ?̇?]𝑻 .                   (18) 
Then, we get 
?̇?𝟏 = ?̇? = 𝒙𝟒 ,                       (19) 
?̇?𝟐 = ?̇? = 𝒙𝟓 ,                 (20) 
?̇?𝟑 = ?̇? = 𝒙𝟔 ,                 (21) 
?̇?𝟒 = ?̈? = −
𝟏
𝒎
(𝒔𝝓𝒔𝝍 + 𝒄𝝓𝒔𝜽𝒄𝝍)𝑼𝟏 +
𝟏
𝒎
𝒅𝒙 ,             (22) 
?̇?𝟓 = ?̈? = ?̈? = −
𝟏
𝒎
(−𝒔𝝓𝒄𝝍 + 𝒄𝝓𝒔𝜽𝒔𝝍)𝑼𝟏 +
𝟏
𝒎
𝒅𝒚 ,               (23) 
 
?̇?𝟔 = ?̈? = 𝒈 −
𝟏
𝒎
(𝒄𝝓𝒄𝜽)𝑼𝟏 +
𝟏
𝒎
𝒅𝒛 ,          (24) 
?̇?𝟕 = ?̇? = 𝒙𝟏𝟎 ,             (25) 
?̇?𝟖 = ?̇? = 𝒙𝟏𝟏 ,                  (26) 
?̇?𝟗 = ?̇? = 𝒙𝟏𝟐 ,             (27) 
?̇?𝟏𝟎 = ?̈? =
𝑼𝟐+(𝑰𝒚𝒚−𝑰𝒛𝒛)?̇??̇?
𝑰𝒙𝒙
  ,           (28) 
?̇?𝟏𝟏 = ?̈? =
𝑼𝟑+(𝑰𝒛𝒛−𝑰𝒙𝒙)?̇??̇?
𝑰𝒚𝒚
 ,           (29) 
?̇?𝟏𝟐 = ?̈? =
𝑼𝟒+(𝑰𝒚𝒚−𝑰𝒙𝒙)?̇??̇?
𝑰𝒛𝒛
 ,           (30) 
and input control of 𝒖𝒙 and 𝒖𝒚 can be represented as 
𝒖𝒙 = 𝒔𝝓𝒔𝝍 + 𝒄𝝓𝒔𝜽𝒄𝝍 ,                          (31) 
𝒖𝒚 = −𝒔𝝓𝒄𝝍 + 𝒄𝝓𝒔𝜽𝒔𝝍 .                          (32) 
The total thrust/force 𝑼𝟏, roll torque 𝑼𝟐, pitch torque 𝑼𝟑, and yaw torque 𝑼𝟒 can be expressed 
as follows 
𝑼𝟏 = 𝑭 = 𝒇𝟏 + 𝒇𝟐 + 𝒇𝟑 + 𝒇𝟒 ,                        (33) 
𝑼𝟐 = 𝒇𝟐 − 𝒇𝟒 ,                          (34) 
𝑼𝟑 = 𝒇𝟏 − 𝒇𝟑 ,                          (35) 
              𝑼𝟒 = 𝒇𝟏 + 𝒇𝟑 − 𝒇𝟐 − 𝒇𝟒 .                        (36) 
Quadcopter parameters used can be seen in table 1. 
 
Table 1. Parameter of a quadcopter. 
Parameter Value 
Distance rotor from centre ( 𝒍 ) 0.3 𝒎 
Mass (𝒎) 2.5 𝒌𝒈 
Inertial moment on x axis ( 𝑱𝒙𝒙 ) 0.04 𝒌𝒈 ∙ 𝒎
𝟐 
Inertial moment on y axis ( 𝑱𝒚𝒚 ) 0.04 𝒌𝒈 ∙ 𝒎
𝟐 
Inertial moment on z axis ( 𝑱𝒛𝒛 ) 0.045 𝒌𝒈 ∙ 𝒎
𝟐 
Gain ( 𝑲 ) 150 𝒓𝒂𝒅/𝒔 
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Actuator Bandwidth ( 𝝎 ) 18 𝑵 
  
III. Controller Design 
 
The SMC control consists of equivalent control and switching control. In the equivalent control 
for the Z axis, the first step is designing a sliding surface. The sliding surface is defined as: 
                                                         𝒔𝟓 = ?̇̃?𝟓 + 𝝀𝟓?̃?𝟓 ,                        (37) 
                            𝒔𝟓 = (?̇?𝟓 − ?̇?𝟓𝒅) + 𝝀𝟓(𝒙𝟓 − 𝒙𝟓𝒅) ,                  (38) 
where 𝝀𝟓 > 0, then derivative of 𝒔𝟓 
                                                         𝒔?̇? = ?̈̃?𝟓 + 𝝀𝟓?̇̃?𝟓 = 𝟎 ,                   (40)                                        
𝟎 = (?̈?𝟓 − ?̈?𝟓𝒅) + 𝝀𝟓(?̇?𝟓 − ?̇?𝟓𝒅) ,                  (41) 
𝟎 = (?̇?𝟔 − ?̈?𝟓𝒅) + 𝝀𝟓(?̇?𝟓 − ?̇?𝟓𝒅) ,                   (42) 
 
?̇?𝟔 can be defined as : 
?̇?𝟔 = ?̈? = 𝒈 −
𝟏
𝒎
(𝒄𝝓𝒄𝜽)𝑼𝟏 +
𝟏
𝒎
𝒅𝒛 .           (43) 
Substituting equation (43) to equation (42)  
𝟎 = (𝒈 −
𝟏
𝒎
(𝒄𝝓𝒄𝜽)𝑼𝟏 +
𝟏
𝒎
𝒅𝒛 − ?̈?𝟓𝒅) + 𝝀𝟓(?̇?𝟓 − ?̇?𝟓𝒅) ,   (44) 
 
and we get equivalent control: 
𝑼𝐞𝐪 =
𝒎
𝒄𝒐𝒔 𝒙𝟕∙𝒄𝒐𝒔 𝒙𝟖
 (𝒈 +
𝟏
𝒎
𝒅𝒛 − ?̈?𝟓𝒅) + 𝝀𝟓(?̇?𝟓 − ?̇?𝟓𝒅) .  (45) 
The switching control for Z axis can be written as: 
𝒖𝒔 = −𝑲𝟓 𝒔𝒊𝒈𝒏 (𝒔𝟓) .                          (46) 
Finally, SMC controller can be obtained by adding equation (45) and (46) 
𝑼𝟏 =
𝒎
𝒄𝒐𝒔 𝒙𝟕∙𝒄𝒐𝒔 𝒙𝟖
 (𝒈 +
𝟏
𝒎
𝒅𝒛 − ?̈?𝟓𝒅) + 𝝀𝟓(?̇?𝟓 − ?̇?𝟓𝒅) − 𝑲𝟓 𝒔𝒊𝒈𝒏 (𝒔𝟓) .        (47) 
The stability of the system can be proven using the Lyapunov stability method 
Lyapunov function is defined as: 
𝑉 =
1
2
𝑆2  > 0,                                      (48) 
and 
                 ?̇? = 𝑠?̇? < 0        
 
    = ((?̇?𝟓 − ?̇?𝟓𝒅) + 𝝀𝟓(𝒙𝟓 − 𝒙𝟓𝒅))((?̈?𝟓 − ?̈?𝟓𝒅) + 𝝀𝟓(?̇?𝟓 − ?̇?𝟓𝒅)) .  (49) 
Subtituting equation (43) into equation (49) : 
?̇? = ((?̇?𝟓 − ?̇?𝟓𝒅) + 𝝀𝟓(𝒙𝟓 − 𝒙𝟓𝒅)) ((𝒈 −
𝟏
𝒎
(𝒄𝝓𝒄𝜽)𝑼𝟏 +
𝟏
𝒎
𝒅𝒛 − ?̈?𝟓𝒅) + 𝝀𝟓(?̇?𝟓 − ?̇?𝟓𝒅)). 
(50) 
Then, substituting equation (47) into equation (50): 
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?̇? = ((?̇?𝟓 − ?̇?𝟓𝒅) + 𝝀𝟓(𝒙𝟓 − 𝒙𝟓𝒅)) ((𝒈 −
𝟏
𝒎
(𝒄𝝓𝒄𝜽) (
𝒎
𝒄𝒐𝒔 𝒙𝟕∙𝒄𝒐𝒔 𝒙𝟖
 (𝒈 +
𝟏
𝒎
𝒅𝒛 − ?̈?𝟓𝒅) +
𝝀𝟓(?̇?𝟓 − ?̇?𝟓𝒅) − 𝑲𝟓 𝒔𝒊𝒈𝒏 (𝒔𝟓)) +
𝟏
𝒎
𝒅𝒛 − ?̈?𝟓𝒅) + 𝝀𝟓(?̇?𝟓 − ?̇?𝟓𝒅)) .                  (51) 
We can eliminated some equation in equation (51) and choose K to be minus large enough to 
get stable in the sense of Lyapunov. K gain can change when the system gets disturbances. The 
equation can be seen in (52) 
?̂?𝟓 = −𝝁𝟓 𝒎 𝑺𝒊𝒈𝒏 (𝒔𝟓)(−𝜺𝟓) ,                                         (52) 
where 𝜺𝟓 is defined as: 
𝜺𝟓 = 𝒎(?̇?𝟔 + 𝒈 − 𝑲𝟓 𝒔𝒊𝒈𝒏 (𝒔𝟓)) − 𝑼𝟏 ,                        (53) 
 
 
Then, control for Z axis can be written as:  
 
𝑼𝟏 =
𝒎
𝒄𝒐𝒔 𝒙𝟕∙𝒄𝒐𝒔 𝒙𝟖
 (𝒈 +
𝟏
𝒎
𝒅𝒛 − ?̈?𝟓𝒅) + 𝝀𝟓(?̇?𝟓 − ?̇?𝟓𝒅) − ?̂?𝟓  𝒔𝒊𝒈𝒏 (𝒔𝟓) ,     (56) 
 
with same technique we get input control  
𝒖𝒙 = (
𝒅𝒙
𝒎
+ ?̈?𝟑𝒅 − (𝝀𝟑(?̇?𝟑 − ?̇?𝟑𝒅)))
𝒎
𝑼𝟏
− ?̂?𝟑𝒔𝒊𝒈𝒏(𝒔𝟑) ,                        (57) 
 
𝒖𝒚 = (
𝒅𝒚
𝒎
+ ?̈?𝟒𝒅 − 𝝀𝟒(?̇?𝟒 − ?̇?𝟒𝒅))
𝒎
𝑼𝟏
− ?̂?𝟒𝒔𝒊𝒈𝒏(𝒔𝟒) ,                          (58) 
 
𝑼𝟐 = (𝑰𝒛𝒛 − 𝑰𝒚𝒚)𝒙𝟏𝟏𝒙𝟏𝟐 + (?̈?𝟗𝒅 − 𝝀𝟗(?̇?𝟗 − ?̇?𝟗𝒅))𝑰𝒙𝒙 − 𝑲𝟗 𝒔𝒊𝒈𝒏(𝒔𝟗) ,                (60) 
𝑼𝟑 = (𝑰𝒙𝒙 − 𝑰𝒛𝒛)𝒙𝟏𝟎𝒙𝟏𝟐 + (?̈?𝟏𝟎𝒅 − 𝝀𝟏𝟎(?̇?𝟏𝟎 − ?̇?𝟏𝟎𝒅))𝑰𝒚𝒚 − 𝑲𝟏𝟎𝒔𝒊𝒈𝒏 (𝒔𝟏𝟎) ,    (61) 
𝑼𝟒 = (𝑰𝒚𝒚 − 𝑰𝒙𝒙)𝒙𝟏𝟎𝒙𝟏𝟏 + 𝑰𝒛𝒛(?̈?𝟏𝟏𝒅 − 𝝀𝟏𝟏(?̇?𝟏𝟏 − ?̇?𝟏𝟏𝒅)) − 𝑲𝟏𝟏𝒔𝒊𝒈𝒏 (𝒔𝟏𝟏) ,    (62) 
 
IV. Simulation Results 
 
In Figure 2 shows the quadcopter can follow the set point without steady state error and requires 
a rise time of 8 seconds to reach the x-axis change as far as 5 meters. The output response in 
Figures 3 and 4 shows good performance despite being given payload as disturbance (Figure 
8). Then in Figures 5 and 6 shows the response of the Roll angle and Pitch angle to the reference 
signal has  fast rise time. Figure 7 shows that the gain in switching controls can change 
automatically adjusting changes in dynamics of the system due to disturbance and uncertainty. 
When given a load as a disturbance (Figure 8), the gain value at Kz increases so that the 
quadcopter can maintain its position on the Z axis. 
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Figure 2 Position on X axis 
 
Figure 3 Position on Y axis 
 
Figure 4 Position on Z axis 
 
Figure 5 Roll angle 
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Figure 6 Pitch angle 
 
 
Figure 7 Gain change in simulation 
 
Figure 8 Payload as disturbance 
 
V.  Conclusion 
 
The simulation results show that the SMC can control the quadcopter following the reference 
of position without causing a chattering phenomenon, then the switching control can change 
automatically when there are changes in parameters and disturbances. 
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